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Abstract
We apply the three kinds of cosmological diagnostics to a new class of holographic dark energy (HDE) models,
i.e., so called Tasllis holographic dark energy (THDE) model proposed by Tavayef et al [1]. Considering the
different infrared (IR) cutoffs, we investigate the THDE models with the Hubble horizon cutoff, the future event
horizon cutoff and the Granda and Oliveros (GO) horizon cutoff, respectively. Moreover, the different forms of
the interaction terms between dark energy (DE) and dark matter (DM) are explored. By applying the diagnostic
methods to the THDE models, we plot the curves of wD − w′D, Om and the statefinder hierarchy S(1)3 , S(1)4 . We
find that the non-interacting THDE models can be differentiated more effectively by the Om diagnostic and the
statefinder hierarchy S
(1)
3 . Furthermore, S
(1)
3 also performs well for the interacting THDE models, which means
the statefinder hierarchy S
(1)
3 is the better method for diagnosing the three THDE models due to its slightly high
efficiency.
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1. Introduction
The observation results imply that the expansion of our current universe is accelerating [2]-[5]. In order to
explain the accelerated expansion in the framework of the standard cosmology, the dark energy (DE) is introduced
as an exotic component with negative pressure. While, due to the nature of the DE still remains mysterious,
many kinds of DE models have been constructed [6, 7]. The simplest one is the cosmological constant model,
i.e., ΛCDM model [8]. The energy density of the ΛCDM model is one constant, and the equation of state (EoS)
is wΛ = −1. Although the ΛCDM model fits good to the present observational data, it faces challenges of the
fine tuning problem and the coincidence problem. Thus, the dynamical DE models have been proposed as the
alternatives, such as quintessence [9], phantom [10, 11], the Chaplygin gas (CG) model [12], the holographic dark
energy (HDE) model [13] and the agegraphic dark energy (ADE) model [14] etc. Naturally, how to distinguish
the different kinds of DE models and the various model parameters in one model becomes an interesting item.
Moreover, the differences between the standard ΛCDM model and other DE models are also attractive, because
today’s observations are mostly based on the ΛCDM model. Thus, the diagnostic methods for the DE models have
been widely researched. The common methods are the geometrical diagnostic tools including the Om diagnostic
[15, 16] and the statefinder diagnostic {r, s} [17, 18]. The Om diagnostic method is related to the expansion
rate H(z) and the {r, s} pair are related to the third derivative of the scale factor a(t). Recently, the statefinder
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hierarchy Sn [19], i.e., the higher derivative of the scale factor a(t) has also been proved to be an extended null
diagnostic for ΛCDM model. Hence, the statefinder hierarchy Sn have been applied to diagnose the DE models.
On the other hand, in view of the characteristic of the EoS for the DE models, w − w′ analysis [20] can also be
used to distinguish various models. A note about this method is that the parameter w represents the EoS of the
DE component, it can be written as wD − w′D analysis in order to avoid confusion.
In addition, people has found that the high order statefinders S3 and S4 can break the degeneracy for some
class of the HDE models, which means it performs better than the other diagnostic methods [21]-[23]. However,
it can not be said that the higher order of the statefinder, the more effective it is [24]. It shows different rules
when considering different models or different aspects of the models. Given the uncertainty, the behaviors of the
diagnostic methods for the other class of the HDE models still need to be investigated.
As we know, the HDE models are proposed based to the holographic principle and the systemic entropy, the
more details about the HDE models can see Ref. [25]. In the HDE models, the dark energy density is regarded
as ρD ∝ Λ4, the relation between the entropy S, the UV cutoff Λ and the IR cutoff L is L3Λ3 ≤ (S) 34 . Thus,
combining the forms of the entropy with the different IR cutoffs, one can obtain the energy density of the HDE
models. The standard holographic dark energy model is based on the Bekenstein-Hawking entropy S = A4G , and
A = 4piL2 represents the area of the horizon, thus the density is defined as ρD =
3c2
8piGL
−2. While recently, Tsallis
generalized entropy [26] Sδ = γA
δ used to construct HDE models, which is called THDE model [1]. It leads to the
energy density of the THDE model as ρD = BL
2δ−4. Obviously, the THDE model has one more parameter δ than
the standard HDE model. Taking three cases of the IR cutoff L, i.e., the hubble horizon, the future event horizon
and the GO (Granda and Oliveros) horizon [27]-[29], one can obtain three different THDE models [30, 31], here we
call them the THDE-H, THDE-f and THDE-GO models, respectively. Besides, other related researches of Tsallis
entropy in the cosmological context can be seen in Refs. [32]-[37] etc. It should be noted that the observation today
also allows a mutual interaction Q between DE and DM, more information about the interacting DE models can
be seen in Ref. [38] and its related papers of Refs. [39]-[46] etc. Thus, Q can be embedded in the THDE models
and the corresponding results to Q = 3b2H(ρD + ρm) has been discussed in Ref. [31]. Recently, the authors in
Refs. [47, 48] investigate the diagnostic for the THDE model, but they only consider the statefinder parameters
r − s, r − q and w − w′ pair for non-interacting THDE-H model (i.e., Q = 0) and the THDE-H model with
the specific interaction form Q = 3b2H(ρD + ρm), respectively. However, the Om diagnostic and the statefinder
hierarchy have not been discussed. Also, the diagnostics for the THDE models with other cutoffs and different
forms of Q have not been researched so far. Thus, we want to investigate the effectiveness of the different diagnostic
methods for the three THDE models, including the effects of parameter δ in each model as well as the interacting
forms of Q on them.
Based on the above motivations, we will use three different diagnostic methods including wD − w′D analysis,
Om diagnostic and the statefinder hierarchy S
(1)
3 , S
(1)
4 to diagnose the THDE models. In addition, we also want
to know the diagnostic results of the different forms of Q. And our research results indicate that when Q = 0, the
three THDE models with various values of parameter δ can be differentiated more effectively by the Om diagnostic
and the statefinder hierarchy S
(1)
3 . Moreover, S
(1)
3 also performs well for the interacting THDE models, which
means the statefinder hierarchy S
(1)
3 could give us better results due to its slightly high efficiency.
2
In Sec. 2 and Sec. 3, we briefly review the THDE models with different cutoffs and the common diagnostic
methods for DE models, respectively. In Sec. 4, we apply the diagnostic methods to diagnose the THDE models
and discuss the behaviors in the different cases. The conclusion is given in Sec. 5.
2. The THDE models with different cutoffs
Considering the density ρ of the Universe is comprised of two components, i.e., ρD and ρm, thus the total
density and the Friedmann equation can be respectively written as ρ = ρD + ρm and H
2 = 8piG3 (ρD + ρm). Define
the dimensionless density parameters as follows:
ΩD =
ρD
3m2pH
2
and Ωm =
ρm
3m2pH
2
, (1)
where ΩD + Ωm = 1. The continuity equation of the DE and DM can be expressed as:
˙ρD + 3H(1 + wD)ρD = −Q and ˙ρm + 3Hρm = Q, (2)
where the dot denotes differentiation with respect to cosmic time t, wD is the equation of state of DE, and wm = 0
for DM has been used in the above equation. Q is the energy transfer between DE and DM, and it’s obvious
that there is no interaction between DE and DM when Q = 0. Besides, the total density is always conserved, i.e.,
ρ˙+ 3H(1 + w)ρ = 0. Taking the time derivative of the Friedmann equation and making use of Eqs. (1), (2), one
can obtain the following equation:
H˙
H2
= −3
2
(1 + wDΩD). (3)
Considering the THDE model, which was based on the holographic hypothesis and the general Tsallis’s entropy
expression [26], i.e., Sδ = γA
δ, γ is an unknown constant, δ denotes the non-additivity parameter. And the
Bekenstein entropy can be recovered when δ = 1, γ = 1/4G. Following the relation between the system entropy
(S),the IR (L) and UV (Λ), the density ρD for the THDE model can finally be written as ρD = BL
2δ−4 [1], where
B is an unknown constant. It’s obvious that the density of the HDE model ρD =
3c2
8piGL
2 [13] can be obtained at
the appropriate limit of δ = 1 and B = 3c
2
8piG .
Besides, we chose the relatively general form of the interaction term Q as Q = 3ξHρλmρ
1−λ−γ
D (ρm + ρD)
γ [40],
and ξ represents the interaction strength. As we can see, the usual form Q = 3HξρD corresponds to the case of
λ = 0, γ = 0; Q = 3Hξρm corresponds to λ = 1, γ = 0; Q = 3Hξ(ρm + ρD) corresponds to λ = 0, γ = 1 [43]-[46].
2.1. The THDE-H model
Taking the Hubble horizon as the IR cutoff, i.e., L = H−1, the density of DE in the THDE-H model can be
written as [1]
ρD = BH
−2δ+4. (4)
By substituting Eq. (4) into Eq. (2), we can obtain
wD =
δ − 1 + ξρλmρ−λ−γD (ρm + ρD)γ
(2− δ)ΩD − 1 . (5)
Based on Eq. (3) and Eq. (5), one can deduce that
H˙
H2
= −3
2
ΩD − 1 + ξΩDρλmρ−λ−γD (ρm + ρD)γ
(2− δ)ΩD − 1 . (6)
3
From Eq. (4), we can get ΩD =
B
3m2p
H−2δ+2, thus we have
Ω′D =
dΩD
d ln a
=
Ω˙D
H
= 3(δ − 1)ΩD 1− ΩD − ξΩDρ
λ
mρ
−λ−γ
D (ρm + ρD)
γ
1− (2− δ)ΩD . (7)
2.2. The THDE-f model
Taking the future event horizon as the IR cutoff, i.e., L = Rh, the density of the DE in the THDE-f model can
be written as [30]
ρD = BR
2δ−4
h , (8)
where Rh is the future event horizon, defined as Rh ≡ a
∫∞
t
dt
a . It gives that R˙h = HRh−1. Besides, from Eqs. (1)
and (8), we can obtain the relation Rh = (
3m2pH
2ΩD
B )
1
2δ−4 . Thus, the time differentiation of ρD can be expressed
as
˙ρD = (2δ − 4)ρDH[1− (
3m2pH
2δ−2ΩD
B
)
1
4−2δ ], (9)
Substituting Eq. (9) into Eq. (2), we can get the parameter wD as
wD = −1− 2δ − 4
3
[1− (3m
2
pH
2δ−2ΩD
B
)
1
4−2δ ]− ξρλmρ−λ−γD (ρm + ρD)γ . (10)
Taking the time differentiation of ΩD, we finally get
Ω′D =
Ω˙D
H
= ΩD(1− ΩD)[2(
3m2pH
2δ−2ΩD
B
)
1
4−2δ (2− δ) + 2δ − 1]− 3ξΩ2Dρλmρ−λ−γD (ρm + ρD)γ . (11)
2.3. The THDE-GO model
Granda and Oliveros (GO) presented a new cutoff to solve the causality and coincidence problems, i.e., the
GO cutoff, defined as L = (αH2 + βH˙)−1/2 [27, 28]. Thus, the density of DE in the THDE model with the GO
cutoff, i.e., THDE-GO model can be written as [31]
ρD = B(αH
2 + βH˙)2−δ, (12)
where α, β are constants. Thus, we have
H˙
H2
=
1
β
[
(
3m2pΩD
B )
1
2−δ
H
2−2δ
2−δ
− α]. (13)
Similarly, taking the time differentiations of ΩD, using the Friedmann equation and Eq. (2), we can get
Ω′D =
Ω˙D
H
= (1− ΩD)[ 2
β
(
(
3m2pΩD
B )
1
2−δ
H
2−2δ
2−δ
− α) + 3]− 3ξρλmρ1−λ−γD (ρm + ρD)γ−1. (14)
Making use of Eqs. (13) and (14), a set of solutions {ΩD, H} can be obtained. On the other hand, considering the
Eq. (3), the parameter wD can be expressed as follows
wD = − 1
ΩD
− 2
3βΩD
[
(
3m2pΩD
B )
1
2−δ
H
2−2δ
2−δ
− α]. (15)
4
3. The methods of diagnostic
3.1. The wD − w′D analysis
As we know, wD is the state parameter characterizing the dark energy model, and the sign of w
′
D can be used
to classify the models into the freezing models and the thawing models [20]. Thus the wD −w′D analysis has been
used to distinguish the similar model behaviors [23, 48], where the expression of w′D is w
′
D =
dwD
d ln a . Obviously, the
ΛCDM model in the wD − w′D phase space is a fixed point at (−1, 0).
3.2. The Om diagnostic
The Om diagnostic is defined as [15, 16]
Om(x) =
h2(x)− 1
x3 − 1 , x ≡ 1 + z, (16)
where h(x) = H(x)H0 . The Om diagnostic provides a null test of the ΛCDM model, i.e., Om(x)−Ω0m = 0. Thus, it
can be used as the diagnostic method for diagnosing DE models.
3.3. The statefinder hierarchy diagnostic
The scale factor a(t)/a0 = (1 + z)
−1 can be expanded around the present epoch t0 as follows:
a(t)
a0
= 1 +
∞∑
n=1
An(t0)
n!
[H0(t− t0)]n, An = a(t)
(n)
a(t)Hn
, (17)
with a(t)(n) = dna(t)/dtn and n represents a positive integer. The statefinder hierarchy Sn is defined as follows
[19]:
S2 = A2 +
3
2
Ωm, S3 = A3, and S4 = A4 +
9
2
Ωm. (18)
These equations provide a series of diagnostics for ΛCDM model with n ≥ 3, i.e., Sn|ΛCDM = 1. Making use of
the relation Ωm =
2
3 (1 + q) for ΛCDM model, the statefinder hierarchy S
(1)
3 , S
(1)
4 can be rewritten as follows:
S
(1)
3 = A3 and S
(1)
4 = A4 + 3(1 + q). (19)
For ΛCDM model, S
(1)
n = 1. According to document [22], for the dynamical dark energy models with interaction
term Q = 3ξHρλmρ
1−λ−γ
D (ρm + ρD)
γ [40] between DE and DM, the expressions of S
(1)
3 and S
(1)
4 can be deduced
as follows:
S
(1)
3 = 1 +
9
2
wDΩD(1 + wDΩD)− 3
2
w′DΩD +
9
2
wDξρ
λ
mρ
1−λ−γ
D (ρm + ρD)
γ−1, (20)
S
(1)
4 = 1−
9
4
wDΩ
2
D[3wD(1 + wD)− w′D]−
3
4
[wD(21 + 39wD + 18w
2
D)− (13 + 18wD)w′D + 2w′′D]ΩD
−9
2
wDξρ
λ
mρ
1−λ−γ
D (ρm + ρD)
γ−1(2 + 3wD) + 9w′Dξρ
λ
mρ
1−λ−γ
D (ρm + ρD)
γ−1
+
9
2
wDξ[(ρ
λ
mρ
1−λ−γ
D (ρm + ρD)
γ−1)′ − 9
2
(1 + wDΩD)ρ
λ
mρ
1−λ−γ
D (ρm + ρD)
γ−1]. (21)
If giving the specific values of λ and γ, then we can obtain the corresponding forms of S
(1)
3 and S
(1)
4 .
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Figure 1: The evolutionary trajectories of the wD − w′D pair for the non-interacting THDE models.
THDE-H (δ=1.65, ξ=0.06)
Q=0
Q1=3HξρD
Q2=3Hξ ρm ρDρm+ρD
Q3=3Hξ ρD 2ρm+ρD
-1.1 -1.0 -0.9 -0.8 -0.7 -0.6-0.3
-0.2
-0.1
0.0
0.1
0.2
0.3
wD
w
D
' ★
(a)
THDE-f (δ=0.80, ξ=0.06)
Q=0
Q1=3HξρD
Q2=3Hξ ρm ρDρm+ρD
Q3=3Hξ ρD2ρm+ρD
-1.0 -0.9 -0.8 -0.7 -0.6 -0.5 -0.4
-0.3
-0.2
-0.1
0.0
0.1
0.2
wD
w
D
'
★
(b)
THDE-GO (δ=0.82, ξ=0.06)
Q=0
Q1=3HξρD
Q2=3Hξ ρm ρDρm+ρD
Q3=3Hξ ρD2ρm+ρD
-1.0 -0.8 -0.6 -0.4 -0.2 0.0
-0.8
-0.6
-0.4
-0.2
0.0
wD
w
D
'
★
(c)
Figure 2: The evolutionary trajectories of the wD − w′D pair for the interacting THDE models.
4. Diagnosing the THDE models
Below, we will apply three diagnostic methods to three THDE models, the specific values of the related
parameters will be shown in the following figures, and the forms of Q are respectively taken as Q1 = 3HξρD
(λ = 0, γ = 0), Q2 = 3Hξ
ρmρD
ρm+ρD
(λ = 1, γ = −1) and Q3 = 3Hξ ρ
2
D
ρm+ρD
(λ = 0, γ = −1).
4.1. The wD − w′D analysis
The evolutionary trajectories of the wD − w′D pair for THDE models with interactions including Q = 0 are
respectively plotted in Figs. 1 and 2. Fig. 1 illustrates the different evolutionary behaviors corresponding to various
values of parameter δ in the three models. It is easy to see that the trajectories to the different values of δ can be
distinguished in THDE-f and THDE-GO models (see Figs. 1(b) and 1(c)), but in THDE-H model the evolutionary
trajectories are similar to each other in the future (see Fig. 1(a)). Moreover, from Fig. 2 we find that the wD−w′D
analysis performs not very well for the three different forms of Q. In addition, the ΛCDM model can be easily
singled out from the THDE models by wD − w′D analysis.
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Figure 3: The evolutionary trajectories of Om(z) versus redshift z for the non-interacting THDE models.
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Figure 4: The evolutionary trajectories of Om(z) versus redshift z for the interacting THDE models.
4.2. The Om diagnostic
The evolutionary trajectories of the Om(z) versus z for the THDE models are respectively plotted in Fig. 3
and Fig. 4. It can be found from Fig. 3, the Om diagnostic can efficiently diagnose the non-interacting THDE
models. Although the Om diagnostic does well in the interacting THDE-H model with various forms of Q (see
Fig. 4(a)), the diagnostic results are unsatisfied for the interacting THDE-f and THDE-GO models. Concretely,
for THDE-f model, the corresponding results to Q1 and Q3 tend to overlap in the future and the one to Q2 is
similar to Q = 0 (see Fig. 4(b)). As for THDE-GO model in Fig. 4(c), the present values of Om(z) are almost the
same for the different forms of Q. Besides, we find the Om diagnostic also gives good results when comparing the
ΛCDM model with the THDE models.
4.3. The statefinder hierarchy diagnostic
The evolutions of S
(1)
3 and S
(1)
4 verses to redshift z are plotted in Figs. 5 - 8. When Q = 0, from Figs. 5(a),
5(b), 6(a) and 6(b), it can be seen that the statefinder S
(1)
3 and S
(1)
4 can both easily distinguish the corresponding
evolutionary trajectories to the various values of parameter δ in THDE-H and THDE-f models, the differences
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Figure 5: The evolutionary trajectories of S
(1)
3 for the non-interacting THDE model.
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Figure 6: The evolutionary trajectories of S
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4 for the non-interacting THDE models.
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Figure 7: The evolutionary trajectories of S
(1)
3 for the interacting THDE models.
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Figure 8: The evolutionary trajectories of S
(1)
4 for the interacting THDE models.
between the curves of the both models and the ΛCDM model are evident. As for THDE-GO model, the low order
statefinder S
(1)
3 shows a significant advantage in the low-redshift region (see Fig. 5(c)), the high order statefinder
S
(1)
4 behaves a little better in the high-redshift region (see Fig. 6(c)). But the evolutionary trajectory of S
(1)
4
corresponding to δ = 0.82 is nearly degenerate with the ΛCDM model from now to future. Thus, the results of
S
(1)
3 may be more satisfactory. When considering the interactions in Figs. 7 and 8, the evolutionary curves of the
statefinder S
(1)
3 relatively distinct differences among them. Furthermore, THDE models can be distinguished from
the ΛCDM model through the statefinder hierarchy S
(1)
3 and S
(1)
4 . It follows that the existence of interaction Q
in S
(1)
4 can break the degeneracy of THDE-GO model with the ΛCDM model (see Fig. 8(c)).
5. Conclusion
In summary, we have not only investigated the effectiveness of the three diagnostic methods, i.e., the wD−w′D
analysis, the Om diagnostic and the statefinder hierarchy S
(1)
3 , S
(1)
4 for THDE models with three kinds of IR
outoffs and three different forms of interaction Q, but also the differences between the THDE models and the
ΛCDM model by the geometrical diagnostic.
As we discussed above, our results show that the better methods are the Om diagnostic and the statefinder
hierarchy S
(1)
3 for diagnosing the various values of parameter δ in each model. Besides, in THDE-H model,
the future evolutionary trends of wD − w′D pair are similar to each other for the different values of δ, and the
difference of S
(1)
4 curves between THDE-GO model and the ΛCDM model is not obvious from now to future. When
considering the interactions in the THDE models, we find that the statefinder hierarchy S
(1)
3 is more effective than
other methods for diagnosing the three forms of interaction Q in each model. While the indistinguishable present
values corresponding to the different forms of Q in THDE-GO model is the main problem faced by the Om
diagnostic. In a word, whether there is interaction or not, our results illustrate that the Om diagnostic performs
well for THDE-H model, and the statefinder hierarchy S
(1)
3 could give the satisfactory results for THDE-f and
THDE-GO models. It is worthing stressing that the statefinder hierarchy S
(1)
3 in THDE-H model is also effective,
although the differentiation of S
(1)
3 curves is not as distinct as one in the Om diagnostic. Based on the above
9
analysis, we conclude that the statefinder hierarchy S
(1)
3 could be the better method for diagnosing the three
interacting THDE models due to its slightly high efficiency.
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